ABSTRACT N = 2 string theories are formulated in space-times with 2 space and 2 time dimensions. If the world-sheet matter system consists of 2 chiral superfields, the space-time is Kahler and the dynamics are those of anti-self-dual gravity. If instead one chiral superfield and one twisted chiral superfield are used, the space-time is a hermitian manifold with torsion and a dilaton. The string spectrum consists of a scalar, which is a potential K determining the metric, torsion and dilaton. The dynamics imply that the curvature with torsion is anti-self-dual, and an action is found for the potential K. It is argued that any N = 2 sigma-model with twisted chiral multiplets in any dimension can be deformed to a conformally invariant theory if the lowest order contribution to the conformal anomaly vanishes.
In [1] a superstring with N=2 supersymmetry was shown to describe self-dual gravity in a Kahler space-time with signature (2,2) (or (4,0)). The world-sheet matter system consisted of two chiral scalar superfields Z α (α = 1, 2) satisfyinḡ
where +, − are chiral spinor indices. (The superspace conventions are as in [2] .)
The lowest components of the superfield, Z | θ=0 = z α , are the bosonic complex coordinates of the space-time. The matter system is given by the N=2 sigma-
where K is the Kahler potential, so that the metric is
For this to be a consistent string background, the sigma-model must be conformally invariant, which will be the case if the metric is Ricci-flat, or equivalently if the
where µ, ν . . . = 1, . . . 4 are coordinate indices in a real coordinate system. As
the Ricci-flatness condition can be integrated to give
for some holomorphic function f (z). With a suitable choice of coordinates, the right hand side can be set to −1 for (2,2) space-time signature or to +1 for (4, 0) signature. Writing K =K + φ whereK is a background potential, this gives an equation for φ that can be derived from the Plebanski action (in the notation of
In [1] , it was shown that the string spectrum consists of a scalar field φ whose effective dynamics was found from string scattering amplitudes to be governed by precisely the effective action (7), confirming that the N=2 string is a theory of self-dual gravity.
However, the Kahler sigma-model is not the most general matter system with (2,2) supersymmetry. The aim of this paper is to consider N = 2 strings based on the sigma-models of [2] , using the results of [2] [3] [4] [5] [6] [7] [8] [9] . The most general sigmamodel with (2,2) supersymmetry off-shell has both chiral superfields U a ,Ūb (a, b = 1, 2, . . . , d 1 ) satisfying the constraints
and twisted chiral superfields V i ,Vj (i, j = 1, 2, . . . , d 2 ) satisfying the constraints
The action
defines a supersymmetric non-linear sigma-model with torsion on a target space of
where u is the lowest component of the superfield U etc. The bosonic part of the component sigma-model action is
where the metric g µν and anti-symmetric tensor b µν whose curl defines the torsion
All other components of g µν and b µν not related to these by complex conjugation or symmetry vanish, and K µν...ρ denotes the partial derivative ∂ µ ∂ ν ...∂ ρ K. The geometry is that of a hermitian locally product space with two commuting complex structures J ±µ ν ; see [2] for details. In the special cases in which either d 1 = 0 or d 2 = 0, the torsion vanishes and the space is Kahler. It is useful to define the connections with torsion
where Γ is the usual Christoffel connection. The complex structures are each covariantly constant with respect to the corresponding connection:
, so that both connections have holonomy U(d 1 + d 2 ). It will also be useful to define the vectors v ± by
and the U(1) parts of the two curvature tensors R ± µνρσ (defined as in [4] )
It follows from (12) that
The sigma-model will be conformally invariant at one-loop if there is a scalar Φ(x) such that
This can be integrated to give [3, 4, 8] log det(
for some holomorphic functions f, g. With a suitable choice of coordinates, the right hand side of (18) can be set to zero. Then
and it follows from [4] that Thus if (21) is satisfied, the sigma-model will be conformally invariant at one loop, but there will in general be conformal anomalies at four loops and higher [11] . It is straightforward to show, using an argument similar to that of [14] , that a deformation of K can be defined order by order in the sigma-model loop-counting parameter (h or α ′ ) so that the beta-functions of the deformed sigma-model vanish.
Although for general sigma-models this is not sufficient for conformal invariance [10] , in this case it is possible to cancel the conformal anomaly to all orders by choosing the dilaton to be given again by (19), but now with the deformed metric appearing on the right hand side.
The equations (17) imply that
is a constant. The resulting conformal field theory has central charge given by
However, for (2,2) geometries, the identity
implies that the quantity C given by (22) Many geometries satisfying these conditions and leading to conformally invariant sigma-models are given implicitly by the twistor transform construction of [2] (these in fact have (4,4) supersymmetry and so do not need quantum deformations of K). An explicit compact example was given in [12] .
To construct a (2,2) string theory, it is necessary to choose c = 6 to cancel the ghost contributions to the anomalies, so that
Then the only case with non-vanishing torsion is d 1 = d 2 = 1. The connections Γ ± both have SU(2) holonomy so that the model has in fact (4,4) supersymmetry [7] and is perturbatively finite [13] and is in fact conformally invariant (as above). Both curvatures with torsion are anti-self-dual on both the first two and last two indices: 
In this case the equation (18) reduces to the linear Laplace equation
(choosing coordinates so that the right hand side vanishes) which can be derived from the free effective action
This should also be the effective action that arises from considering the scattering amplitudes for such (2,2) strings; it would be interesting to check this explicitly.
To summarise, a (2,2) string theory can be constructed in a four-dimensional given by the free action (28). This exhausts the possibilities if the (2,2) world-sheet supersymmetry is to close off-shell. However, there remains the class of on-shell (2,2) models with two complex structures that do not commute and it would be interesting to understand the resulting string theory in this case also. Similar results can also be derived for for (2,1) strings and (2,0) strings. In particular, these involve a four-dimensional space-time for which the curvature with torsion has SU(2) holonomy, and so is self-dual [4] [5] [6] [7] . This has particular relevance for the proposal of [15] relating the (2,1) string to the type IIB string and the D = 11
membrane. This will be discussed in more detail elsewhere.
